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Motivation

populations of different geographic regions may bear differences in dose response and/or
safety issues
−→ goal: ability of extrapolation of study results
−→ ICH E5 provides a guideline for conducting a bridging study which claims similarity in
dose response, efficacy and safety
−→ demonstrating similarity of curves becomes an issue

another application of the new tests: comparison of different drugs containing the same
active substance in order to claim bioequivalence. Traditionally approaches as the
observation of AUC or Cmax may be misleading
−→ goal: developing a test which takes the whole curve into account
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Comparing curves - The setting
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Comparing curves - The setting II

Two dose response curves (from two samples)

Y`,i ,j = m`(x`,i , ϑ`) + ε`,i ,j ; ` = 1, 2;

j = 1, . . . , n`,i ; i = 1, . . . , k`,

ε`,i ,j independent ∼ N (0, σ2
` ) (` = 1, 2)

x`,i ∈ X (dose levels)

ϑ` ∈ Rd` (parameter in model m`)

Problem: Are the dose response curves m1 and m2 similar?
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Measures of similarity

d : a metric measuring the distance between m1 and m2.

Hypothesis of similarity:

H0 : d(m1,m2) ≥ ε versus H1 : d(m1,m2) < ε

(here ε is a pre-specified constant).

Examples
I maximum absolute difference

d∞(m1,m2) = max
x∈X
|m1(x , ϑ1)−m2(x , ϑ2)|

I squared L2-distance

d2(m1,m2) =

∫
X

(m1(x , ϑ1)−m2(x , ϑ2))2dx
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Efficient tests for similarity
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Tests based on distances

calculate (parametric) estimates and therefore the distance of m1 and m2:

m̂1 = m1(·, ϑ̂1), m̂2 = m2(·, ϑ̂2), d̂ = d(m̂1, m̂2)

Decide for similarity, i.e. reject the hypothesis

H0 : d(m1,m2) ≥ ε

whenever

d̂ = d(m̂1, m̂2) < q

Problem: how do we find the critical value q?
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Estimating the distance between two curves- the asymptotic approach

Empirical process theory : d2(m̂1, m̂2)− d2(m1,m2)
a∼ N

(
0, τ 2

n1+n2

)
, where

τ 2 =

∫
X×X

(m1(x , ϑ1)−m2(x , ϑ2)) · (m1(y , ϑ1)−m2(y , ϑ2))k(x , y)dx dy

If the true absolute difference curve has only one extremal point, we have

d∞(m̂1, m̂2)− d∞(m1,m2)
a∼ N

(
0,

σ2
d∞

n1 + n2

)
,

where σ2
d∞

depends on the location of the extremal point

It is very difficult to estimate τ 2 and σd∞ , especially for small sample sizes
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Bootstrap test for similarity

Generate data under the null hypothesis

Estimate ϑ1, ϑ2 under the restriction of the null hypothesis, that is the estimates fulfill
d(m1,m2) = ε

 constrained estimates ˆ̂
ϑ1,

ˆ̂
ϑ2

e.g. for d = d∞, ˆ̂ϑ1,
ˆ̂ϑ2 satisfy supx∈X |m1(x , ϑ̂1)−m2(x , ϑ̂2)| = ε∞

Generate bootstrap data (parametric bootstrap)

Y ∗`,i ,j = m`(x`,i ,
ˆ̂ϑ`) + σ̂`ε

∗
`,i ,j

where ε∗`,i ,j are i.i.d. ∼ N (0, 1)
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Bootstrap test for similarity II

Calculate ϑ̂∗1, ϑ̂
∗
2 from the bootstrap data Y ∗`,i ,j

Calculate d̂∗ = d(m̂∗1, m̂
∗
2), for d = d∞ that is d̂∗∞ = supx∈X |m1(x , ϑ̂∗1)−m2(x , ϑ̂∗2)|

Repeat this procedure B times

If d̂∗(1), . . . , d̂∗(B) denote the ordered bootstrap replicates the hypothesis

H0 : d(m1,m2) ≥ ε

is rejected, whenever
d̂ < d̂∗(bBαc)

Theoretical properties:

I the bootstrap test has asymptotic level α
I the bootstrap test is consistent
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Finite sample properties

m1(x , β1) = β11 + β12x
β13+x , m2(x , β2) = β21 + β22 · (exp ( x

β23
)− 1), X = [0, 4],

where β1 = (β11, β12, β13) = (1, 2, 1) and β2 = (β21, β22, β23) = (δ, 2.2, 8)
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The d∞ bootstrap test- Simulation of the nominal level

α = 0.05 α = 0.1

(σ2
1, σ

2
2) (σ2

1, σ
2
2)

(n1, n2) δ d∞ (0.25, 0.25) (0.5, 0.5) (0.25, 0.25) (0.5, 0.5)

(10, 10) 0.25 1.5 0.001 0.001 0.000 0.004
(10, 10) 0.5 1.25 0.005 0.011 0.013 0.030
(10, 10) 0.75 1 0.045 0.037 0.102 0.086

(20, 20) 0.25 1.5 0.000 0.000 0.000 0.000
(20, 20) 0.5 1.25 0.001 0.004 0.006 0.018
(20, 20) 0.75 1 0.034 0.038 0.091 0.100

(50, 50) 0.25 1.5 0.000 0.000 0.000 0.000
(50, 50) 0.5 1.25 0.000 0.000 0.002 0.001
(50, 50) 0.75 1 0.051 0.059 0.096 0.108

Table: Simulated level of the bootstrap test for the equivalence of an EMAX and an exponential model.
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The d∞ bootstrap test- Simulation of power

α = 0.05 α = 0.1

(σ2
1, σ

2
2) (σ2

1, σ
2
2)

(n1, n2) δ d∞ (0.25, 0.25) (0.5, 0.5) (0.25, 0.25) (0.5, 0.5)

(10, 10) 1 0.75 0.160 0.093 0.297 0.225
(10, 10) 1.5 0.5 0.237 0.133 0.383 0.231

(20, 20) 1 0.75 0.214 0.138 0.393 0.271
(20, 20) 1.5 0.5 0.401 0.229 0.604 0.398

(50, 50) 1 0.75 0.504 0.274 0.662 0.416
(50, 50) 1.5 0.5 0.777 0.491 0.877 0.648

(100, 100) 1 0.75 0.798 0.522 0.878 0.667
(100, 100) 1.5 0.5 0.951 0.767 0.988 0.877

Table: Simulated power of the bootstrap test for the equivalence of an EMAX and an exponential model
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A Case Study- the IBS data set

Biesheuvel, E. and Hothorn, L. A. : Female and male patients with Irritable Bowel
Syndrome (IBS), n = 369

randomized to one of the five doses 0 (placebo), 1, 2, 3, and 4

larger values corresponding to a better treatment effect

fitted models
I male: m1(x , β1) = 0.398 + 0.043x
I female: m2(x , β2) = 0.220 + 0.517 x

1.396+x

maximum distance: 0.1784
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A Case Study- the IBS data set II
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Figure: Left panel: Fitted dose response curves for male (linear model) and female (Emax model)
patients. Right panel: p-values of the d∞- bootstrap test for different values of the threshold ε∞.

the p-value corresponding to the choice ε∞ = 0.35 is given by 0.078
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Conclusions & Extensions I

Two powerful tests have been proposed by
I estimating the distance and the variance of the test statistic directly (asymptotic approach)
I generating quantiles by a parametric bootstrap

the bootstrap approach can be applied to any metric without deriving the asympotic
distribution

the bootstrap d∞-test was implemented in the R package TestingSimilarity

we investigated the performance of all tests under the assumption of model
misspecification and observed a robust performance

the proposed tests were adapted to
I the case of multiple curve comparison
I dependent data
I models with common parameters

especially the adaption to dependent data offers a variety of new applications, e.g. the
demonstration of bioequivalence
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Kathrin Möllenhoff Efficient tests to demonstrate the similarity of dose response curves, with regard to small sample sizes15 / 17



Conclusions & Extensions II
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Figure: Comparison of concentration profiles.
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